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High Reynolds Number Flows in Rotating and
Nutating Cylinders: Spatial Eigenvalue Approach
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The spatial eigenvalue expansion procedure that we have used previously to study viscous flow in rotating
and nutating cylinders is studied in the high Reynolds number limit. It is shown that in this limit there is a
significant simplification in the procedure employed to determine the amplitudes of the eigenfunctions used to
describe the forced velocity field in the cylinder. More precisely, it is shown that these amplitudes can, to the
order of Reynolds number used in this paper, be simply expressed in terms of Bessel functions. The method is
used to calculate the pressure coefficient at a point on the end wall. Detailed comparisons with experimental
results are made. It is found that the approach provides an accurate and extremely rapid way of determining
this pressure coefficient.

I. Introduction and Formulation

I T is well known that there can be a significant difference
in behavior in flight between liquid-filled and solid-filled

projectiles. The difference is caused by the motion of the
liquid inside the spinning projectile. This motion causes forces
to act on the projectile that can ultimately cause the flight of
the projectile to be prematurely terminated by instability. The
initial motion of the projectile necessarily causes the fluid
motion in the cylinder to be time dependent; later it can be
assumed that the flow is steady. It is the latter situation that
is investigated here.

Our concern then is with the motion of an incompressible
viscous fluid of kinematic viscosity v in a cylinder of length
2A a and radius a. The cylinder is spinning at a constant rate
about its axis, which, in turn, is nutating at a constant rate
and yaw angle about an axis directed along its trajectory.
Throughout this calculation, a is used as an appropriate length
scale and the magnitude of a typical velocity is taken to be
(ft + T cos#0)fl, where ft is the magnitude of the angular
velocity of the projectile as observed in the aeroballistic ref-
erence frame, T is the dimensional coning frequency, and K0
is the coning angle. (In the aeroballistic frame, one Cartesian
coordinate lies along the cylinder axis and a second coordinate
lies in the plane of the cylinder axis and trajectory; see, e.g.,
Ref. 1.) KQ is assumed small throughout this work so that it
is possible to determine the properties of the forced motion
using a simple perturbation expansion in powers of K0. We
nondimensionalize the coning frequency as follows,

T =
(ft + T COS£0)

(1)

and we define the Reynolds number by

_ (ft + T COS/Qfl2

(2)

As a consequence of the assumption that KQ « 1, cos£0 is re-
placed by unity in the above and in the following. The typical
time, length, velocity, and pressure scales used to nondimen-
sionalize the flow variables are (ft 4- T)-I, 0, (ft + T)<Z, and
p02(ft + T)2, where p is the density of the fluid.

In a previous paper by Hall et al.,2 hereafter referred to as
HSG, we used the spatial eigenvalue approach to determine
the forced motion in the projectile at finite Values of the
Reynolds number. Here, we aim to extend the results of HSG
to the high Reynolds number limit and show that in this case
there is a significant simplification of the problem. We now
indicate how the appropriate partial differential system to be
solved can be derived from the Navier-Stokes equations of
motion. Our derivation is, of course, only brief and so the
reader is referred to HSG and the references therein for a
more complete account.

First, the Navier-Stokes equations are written with respect
to an inertial cylindrical coordinate system (r, 6, x) with cor-
responding velocity components (w, v, w) and pressure/?. The
coning motion of the projectile means that the boundary con-
ditions must be applied at a moving surface; this is the main
drawback in the use of the inertial reference frame, but for
small angles, a Taylor series expansion of the different flow
quantities about the mean position of the cylinder produces
boundary conditions at a fixed surface. Thus, it is assumed
that the motion of the cylinder is proportional to exp i{ft — 6}
where t denotes nondimensional time and/is, in general, the
nondimensional complex frequency of the projectile motion.
We shall take / to be real so that

/ = T (3)
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Since the coning angle K(} has been assumed small, we
expect only small departures from solid-body rotation, and
the velocity components are, therefore, (-K(}u*, r - K(}v*,
-K(]w*) and the pressure is ?r2 - /C0p*. Here, an asterisk
denotes a perturbation quantity.

It is assumed in our calculation that the motion of the
cylinder is specified; we do not allow for a feedback from the
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fluid to the projectile. Following HSG, it is convenient to
define complex velocities and pressures, denoted here by
boldfaced type and given by

(M*, v*, w*9 p*) = Re{(«, v, H% p) expi{ft - 6}} (4)

The resulting nondimensional Navier-Stokes equations are

i(f - l)u - 2v = -pr + Re~l V2u - ~2u + \ v\

~ l \ V2v - \ v — ̂  u\

\V2w - ~ w\

2u = (il Re~

i(f - l)w = -px + Re~

(ru)r — iv '+ rwx = 0

where V2 = d2 + (llr)dr + d2 and subscripts denote partial
derivatives.

We now choose to seek separable solutions of these equa-
tions that take the form

(11, v, w, p) = [U(r) sinKx, V(r) sinKx,
W(r) cosKx, P(r) sinKx] (5)

and in this case it follows that (U, V, W, P) satisfies

[Re~l(Vl - r~2) - iM]U

+ 2[1 + (ilr2 Re)]V - Pr = 0 (6a)

[Re-^V, - r-2) - IM]V

- 2[1 + (ilr2 Re)]U + — = 0

te-W, - iM]W - KP = 0

(rU)r - iV - KrW = 0

(6b)

(6c)

(6d)

where
M = f - 1

These equations must be solved subject to an inhomogeneous
condition at r = 1 and an appropriate condition at r = 0.
We obtain

- iv = W = P = 0, r = 0 (7)

at the center of the cylinder. For a discussion of the origin of
Eq. (7), the reader is referred to Batchelor and Gill.3 It suf-
fices here to say that Eq. (7) insures that at the origin the
pressure and axial velocity must be independent of the azi-
muthal angle, while the radial and azimuthal velocity com-
ponents must vary as sinO there. The ordinary differential
system specified by Eqs. (6), (7), and the no-slip condition
at the cylinder constitutes an eigenvalue problem:

K = K(Re, /) (8)

For a general discussion of eigenvalue problems of this type,
see Ref. 4. Since the eigenvalue problem is of third order in
K2 and is defined on a finite interval, there are three infinite
discrete spectra of eigenvalues. There is no continuous spec-
trum of eigenvalues.

At finite values of Re there are no real solutions of that
eigenvalue problem so that solid-body rotation is stable to the
first nonaxisymmetric Taylor vortex mode of instability. At
infinite values of Re, solid-body rotation is, according to Ray-
leigh's criterion, neutrally stable and this is the origin of the
real values of K that the eigenvalue problem has in the limit
/te—»oo. We restrict our attention to the case when the pivot
point for the cylinder is midway along its axis. From Gerber
et al.,5 we know that the forced problem at small amplitudes
then leads to the following conditions for u, v, and w at the
walls:

« = -i(l - fix

v= -(l-f)x

if = /(I - f)r

(9a)

(9b)

(9c)

Following HSG, we transfer the inhomogeneous boundary
conditions to the end wall by writing

« = -i[l - /I* + «('. x)

v = -[!-/]* + v(r, x)

w = i[l - f]r + <|>(rj + w(r, x)

p= -[1 - f*]rX + p(r, x)

= 2,/[r - ̂

(lOa)

(lOb)

(lOc)

(lOd)

(lOe)

Here, Jl denotes the order 1 Bessel function of the first type
and X is defined by

X = (1 + 0 V(l - f)Re/2 (U)

Since we will be interested in the limit of high Reynolds num-
bers, we can drop the Bessel function terms in Eqs. (10) away
from r = 1. We note in passing here that X and, hence, M,
etc., have a branch cut at/ = 1; we will not investigate such
high frequencies here since the ballistic applications of our
work typically correspond to values of / < 0.5. In terms of
M, v, w, and /?, it follows that the appropriate boundary con-
ditions are

u - iv = w = p = 0,

u = v = 0, w = -<|>(r)

r = 0 (12a)

r = 1 (12b)

x = ±A (12c)

Furthermore, we note that u, v, w, and/? satisfy Eqs. (5) and
(6); following the spatial eigenvalue approach of HSG, we
therefore write

(*„ sink^c

v (r)"V>

P ~
af, sinA:,^

(13a)

(13b)

(13c)

(13d)

Here, {A:,,} is the infinite sequence of eigenvalues of Eqs. (6)
and (7); the coefficients {a,,} are to be determined. In HSG,
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these constants were found by collocation at the end walls;
here we shall make the further limit Re —» <*> and show how
asymptotic expressions for these coefficients can be found.

II. Spatial Eigenvalue Approach in the
Limit Re — > • < * '

On the basis of our experience with the eigenvalue problem
for {kn} at finite values of Re, we know that the eigenvalues
split into groups of three that can be ordered by, for example,
connecting them to the eigenvalues of a related Taylor vortex
problem. We anticipate this split and therefore consider the
three sets of eigenvalues {&„,}, for / = 1, 2, 3 and n = 1,2,
3, . . . . The distribution of eigenvalues is illustrated in Fig. 1
for the case Re = 103 and / = 0.1; this is taken from
HSG wherein the labeling of the eigenvalues is discussed.
(Note that the eigenvalue k3l was labeled on the basis of an
analysis pertinent to the limit Re — » 0. However, in the limit
Re — > oo, it lies in the set of values determined by Stewartson's
anlaysis.6) In Fig. 2, we show the development of the spectrum
as Re increases for fixed /and ; = 1. We note that for suf-
ficiently small n the eigenvalues approach the real axis, whereas
for large n the eigenvalues approach the imaginary axis.

On the other hand, numerical calculations in HSG showed
that the ; = 2, 3 branches had \knj\ ~ Re112 for Re » 1. We
shall now describe the precise details of the asymptotic struc-
ture of {knj} for / = 1, 2, 3 in the limit Re ' — » oo and, hence,
put ourselves into a position to find asymptotic forms for {aj.
Splitting of the eigenvalues into triplets leads naturally to the
definitions of branches 1, 2, and 3 in the complex k plane for
/ = 1, 2, 3, respectively. The corresponding amplitude func-
tions are denoted by EW, yn, and £„, replacing the an.

First, we derive the asymptotic structure of the; = 1 modes;
the analysis is, of course, essentially in viscid and based on
that given by Stewartson.6 We seek an asymptotic solution
for the nth eigenvalue kln by writing

k\nRe- k2
nRe~l

um = «?„ + u\nRe-"2 + + . . .

(14)

(15)

together with similar expansions for v lw, w lw, and pln. If we
define a by

then substitution of Eqs. (14) and (15) into Eqs. (6) with K
replaced by kln yields a system of equations for w?w, v°n, w°n,

pQ
ln that has the solution

{a2 + 4}u(l = i\

4K, = (1 -

(16a)

(16b)

.
in in ,j _ ~2

The radial velocity component u°tn in Eq. (16a) satisfies the
side-wall conditions if

= 0 (18)

which has an infinite number of eigenvalues on the positive
real axis. Information on this spectrum can be found in
Ref. 7. The eigenvalues with / = 1 become progressively
closer to the real axis in the limit Re —» oo. The Stewartson
eigenvalues correspond to a choice of frequency such that
k^nA = ir(l 4- N)/2 for W an even non-negative integer.
Thus, at the resonant frequencies of a cylinder of given length,
the; = 1 eigenvalues approach Stewartson's eigenvalues.
Since we have not retained viscous effects in the perturbation
equations, we can, of course, only make the radial velocity
component vanish at r'= 1. The other velocity components
must therefore be reduced to zero within a boundary layer of
thickness Re ~l/2 near r - 1. The determination of the velocity
field within this layer will enable us to determine the order
Re~m term in Eq. (14); we shall give some of the detail
necessary to determine it.

We note that the perturbation equations for r =? 0(1) pro-
ceed in powers of Re so that if we define ^ln by

+ rinRe-"2+ . . . . (19)

then correct to order Re~m, Eqs. (16) are valid if w?w, v?n,
^in. P?/,, and u,?n are replaced by u°ln 4- «}„ Re~l/2, etc.,
and then,

(3 - /)(! + /)
' (I-/)2 (20)

100 r-

50

-50

-100

0-0000'
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Fig. 1 First 72 eigenvalues for Re = 103,/ = 0.1 (Ref. 2).
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Fig. 2 Eigenvalue spectrum for some large values of Re and / =
0.08.
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It follows that, when /•-»!, {-k% - if + i}vH - 2u0 = 0

(3 - /)(! + /)«!„ ->

(3 - /)(!1 + (21)

where £ = Re112 (1 — r), and Cis a constant to be determined
later. In the boundary layer at r = 1, we write

Remuln = u°ln + u\nRe~m + • • •

together with similar expansions for vln, wln, and p1/7. It can
be shown that the zeroth-order system obtained by substi-
tuting these expansions into Eqs. (6) written in terms of £
yields

p°ln = const

when solved subject to u°ln = v\n = w(ln = 0, £ = 0. Thus,
matching the pressure and radial velocity component when
the inviscid and viscous regions meet give

(1 - /)<r"2

(3-

(3 -/)(!+/)

x 1
~/)2

and an expression for C, the constant in Eq. (21). Using
Eq. (20) and the eigenrelation (18), the second of the above
equations can be manipulated to give

1 + i (22)

where k?ln is determined by Eqs. (17) and (18).
The viscous modes have an x dependence on a Re~ m length

scale. For convenience, we drop the 2n and 3n notation for
the moment and seek a viscous eigenvalue of Eqs. (6) and
(7) by writing

and w, v, w, and p expand as

1u = w0 +

V = Vn + —7S= V, + • •

w =
W,

(23)

(24a)

(24b)

(24c)

+ • • •^ /te (Re)3'2

The zeroth-order approximation to Eqs. (6) then yields

(24d)

(25a)

Eqs. (25a) and (25b) are consistent if

*§ = (3 - /)/

or

fc§= -(1 +/>'

(25b)

(25c)

(26a)

(26b)

which correspond to they = 3 and 2 modes, respectively. At
higher order, w0 and, hence, v0, H>O, andp0 are determined 'as
solvability conditions. We find that Eqs. (26a) and (26b),
respectively, lead to

where

= 0

(27a)

(27b)

A more detailed derivation of Eqs. (27) is found in HSG.
Thus, Eqs. (26) correspond to two countably infinite sets of
eigenvalues, and {$„}, {tn} determine the order Re~1/2 correc-
tion terms in the expansion of k. In fact, the appropriate
equations are found to be

-(l -
2V2(3 -

Q
2\/2(l + /)372

(28)

(29)

Henceforth, we refer to the eigenvalues corresponding to
Eqs. (26) using the indices j = 3 and 2, respectively. The
structure just outlined breaks down when n is formally 0(/te)
in which case the eigenfunction has both axial and radial
variations on the Re~1'2 length scale. We can now modify the
spatial eigenvalue expansions (13a-13d) using the asymptotic
structure just developed; we therefore write,

„ =

,+
+ (1 -

sin\2JC

e../̂ ,'

(30b)

(30c)

(30d)
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where

X, = (1

We now apply the end-wall condition (12c) on the axial ve-
locity component w to give

-*-?^?j5/,w
so that after multiplying both sides of the equation by r/^ji^r),
integrating from r = 0 to 1 and using the well-known prop-
erties of Bessel functions we obtain

4/(3 - /) tanfc^A (31)

while the end-wall conditions on the radial and circumferential
velocity components yield equations that can be solved for
{£„} and {yn} in terms of {ej. It is at this stage that the dif-
ferences between the finite and infinite Reynolds number
have emerged. Thus, the amplitude functions {ej, {£„}, and
{yn} in the limit Re —» °° can be found explicitly using or-
thogonality properties of Bessel functions. At finite values of
Re, HSG found it necessary to use either collocation or a least
squares approach in order to find the corresponding ampli-
tudes. At higher order in the procedure that we have just
begun, the side-wall boundary layer comes into play at the
end walls; at that stage, the higher order amplitude coeffi-
cients must be found by collocation or the least squares method.

It follows from Eqs. (30d) and (31) that/? on the end wall,
x = A, can be expressed as the infinite series

P = 4/(3 - /) (32)

which is correct up to order Re°.

Pressure Coefficient
We shall now use the high-Reynolds-number form of the

spatial eigenvalue approach to find the pressure exerted by
the fluid on the container. Since almost all of the available
experimental results for pressure correspond to measurements
made at the end wall, we shall concentrate on that situation.
More precisely, we use our theory to find the amplitude of
the pressure measured by a pressure transducer located at the
end wall. More detail of the derivation of this pressure coef-
ficient can be found in Gerber et al.5

First note that p + , the pressure calculated from the Navier-
Stokes equations, is

p+ = ir2 - K0p*

in the case K0 -> 0. We must now relate our calculations in
an inertial frame to the frame r, 6, x used in HSG, where
the x axis coincides with the cylinder axis. A routine calcu-
lation based on a Taylor series expansion shows that, for
example,

= if2 - cos{/f - 6}

surface of the cylinder

A/? = ir2 - K&*(f, 6, *, 0 - if2

and since p*(r, 0, Jc, t) - p*(r, 6, *, t) = 0(/Q it follows
that

Ap -= -Kv[-pi sin(/f - 6) + (pr + rx)

x cos(/r - 6)] + 0(K$

Here, subscripts r and i denote the real and imaginary parts
of a complex quantity. Now, since

pr + rx = pr + f2rx, Pi = Pi

the pressure coefficient cp = |Ap|/#0 may be written as

cp = V(p, + rx)2 + p2 (33)

In then follows from Eqs. (32) and (33) that cp calculated
using the spatial eigenvalue approach in the limit Re —» °° is
given by

1 +/ ? *?„(!
+ f*rA

(34)

Equation (34) is not uniformly valid since at the Stewartson
eigenfrequencies the unperturbed state can support neutral
eigenfunctions. However, it is clear that cp will become un-
bounded if k{n corresponds to one of the Stewartson eigen-
values in which case tank%nA = <». In fact, our expansion
procedure is readily modified to take account of this possi-
bility. Suppose then that/is an eigenfrequency/of the inviscid
problem. Without any loss of generality, we can suppose that
k{iA — nr/2 so that E! is formally infinite. In order to remove
this singularity, we note from Eq. (31) that if higher order
terms are retained then e^ is in fact €(RV2) when/ = /. Since
&?« = &i«(/) an^ we wish to obtain a correct zeroth-order
approximation to cp for all values of /, we must therefore
modify Eq. (30) for/ - /~ €(R~l/2). Thus, Eq. (34) is the
correct zeroth-order approximation to cp for/ - /» €(Re~V2)',
we refer to this situation as the nonresonant case.

It follows from our calculations for the nonresonant case
by taking the limit /—»/ that e1? {£„}, {yn} for all n becomes
formally €(Re+1/2) when /' - / = 6(Re~1/2).

We therefore make use of the new scalings just inferred
and therefore replace Eqs. (30) by

(3 - /)(!

1 su<,
J sin^n

We now let Ap be the disturbance pressure not including the
contribution from solid-body rotation. At points fixed on the (35a)
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(3 -/)(!+/)

(3 - /)(! + /)
[-(/+ iy.

some manipulations, we can show that

' 2 ( k n y - « f + i f-i
(1 + QcotXi.4

~ V2(3-/)3'2 (Mll l ) o(M'")

_(l-i)cotX2A

(37)

(35b)
where

snzn

( / - I ) '

(/ -

VTT/A/2 sin\2/l

p = 0(1)

(35c)

(35d)

We note that in Eqs. (35) / formally differs from / by
6(Re~l/2)'. If we now apply the end-wall conditions on the
radial and circumferential velocity components, we find, after
using the well-known orthogonality properties of Bessel func-
tions, that

Here

c _ y2

-r dr

We note that in Eq. (37) Vfa? cotA:nv4 ~ G(/te°) because
/differs from/by €(Re~m). Finally, we note that cotX^ and
cotX2^4 to this order can be replaced by - / and + /, respec-
tively. Thus, with E! given by Eq. (37) the pressure pertur-
bation is

p = e1V3SriGi?ir). (38)

which is, of course, @(Rem) larger than that in the nonreson-
ant case. It can be shown from Eq. (37) that, when 1 »
/ - / » Re~m, Eq. (38) is consistent with that obtained
from Eq. (32) by taking the limit /—»/. Thus, the formula

J0(^r)J0(tnr) dr (36a)

snr) dr (36b)

The end-wall condition (12c) on the axial velocity component
then gives

Mrf cotkuA

p =

(/-1)
+ ?(/^1)-/i(</")

v s.P*^2Cv)(i. - Q cotx^

/) cot\2A _
~ ;

We now multiply this equation by rJ^^r) and integrate
from r = 0 to 1 and replace (3,, and -yn using Eqs. (36). After

(1 +/) (*?„)[! (39)

gives a correct zeroth-order approximation to p for all /. The
pressure coefficient cp is thus given by

- f)2

1 + / (*?„)[! +

(40)

with e, given by Eq. (37).

We close this section with a discussion of the relationship
between our resonant expansion procedure discussed earlier
and the viscous correction to Stewartson's in viscid theory given
by Wedemeyer.8 In the latter paper, Wedemeyer showed how
a viscous correction to the inviscid theory could be obtained
by considering viscous boundary layers at the ends and side
wall of the cylinder. [We observe that a and p of Eqs. (33a)
and (33b) of Ref. 8 are related to X t and X2 of Eqs. (30) of
this paper as follows: \l = iaa, X2 = — wzp.] We note that,
away from the end walls, the terms that appear inside the
summations in Eqs. (35) are exponentially small. The term
that remains in the expressions for the velocity and pressure
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corresponds to Stewartson's eigenvalue. However, the axial
wave number used there is kn correct to order Re~m. Thus,
there is a viscous correction in our expansion that arises from
the fact that we choose to continue the inviscid expansion in
order to take care of the viscous side-wall layer. Thus, the
modified eigenfunction we have used is precisely that implied
by Wedemeyer's Eq. (16).8 At the ends of the cylinder, all

Fig. 3a Behavior of cp calculated using the composite expansion with
A = 3.1481, Re = 5 x 103 (experimental points from Ref. 7).

of the ratios of the trigonometric functions are 0(1), so that
all of the terms are to be retained. Now, the terms propor-
tional to sin(X^c) and cos(X/x) are needed in order to satisfy
the end-wall conditions. If we choose to look at the unforced
problem, then it can be shown that the effect of these terms
is exactly equivalent, in a formal asymptotic sense, to Wed-
emeyer's conditions (18) and (19). Thus, for the unforced
problem at the resonant frequency, our expansion is equiv-
alent to Wedemeyer's. Notice, however, that the form of our
expansion enables us to determine in a precise asymptotic
form the forced velocity field both at the resonant frequency
and elsewhere. That is not the case for Wedemeyer's theory,
and so we can interpret Eqs. (35) as being a generalization
of Wedemeyer's work to the forced problem at all frequencies.

III. Results and Discussion
We shall give results only for the composite expansion (40)

rather than plot separately the resonant and nonresonant ex-
pansions. In particular, we will compare our results with those
of Whiting,9 who investigated the problem experimentally. In
Figs. 3a-3c, we compare with experimental data for the pres-
sure coefficient measured at r = 0.668 with A = 3.1481 at
three different values of the Reynolds number. Also shown
in these figures are curves representing theoretical results
from Gerber et al.5 and Murphy.10 Both of the latter calcu-
lations used approximate end-wall conditions obtained using
Wedemeyer's approach. At Re = 5 x 103, the results of the

.03 .05 .06

Fig. 3b Behavior of cp calculated using the composite expansion with
A = 3.1481, Re = 10s.

A1 O Expt.--Ref. 9
/A \ Refs. 5 ond 10 Theories

.035 .045 .05 .Qb5

Fig. 3c Behavior of cp calculated using the composite expansion with
A = 3.1481, Re = 5 x 10s.

O Expt.--Ref. 9
Refs. 5 and 10 Theories

.Tb.e.9.ry........
.83 .85 f .86 .87

Fig. 4a Behavior of cp calculated using the composite expansion with
A = 1.0509, Re = 10s.

f\
O Expt. — Ref. 9

Refs. 5 and 10Theories
_ _Pre se n t JThe o ry^ ____ _

.83 .84 .85

Fig. 4b Behavior of cp calculated using the composite expansion with
A = 1.0509, Jto = 5 x 10s.
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.055

* .050

O Expt. — Ref. 9

r = 0.667

.045' ' ' » " ' ! •

Re 10°

Fig. 5 Variation of the frequency of peak response with Re for A =
3,148: solid line is from the approach of Ref. 5; crosses are from the
present calculations.

0.035 < f < 0.071
2.95 < A < 3.3

Fig. 6a Three-dimensional plot of cp against A and/for the case
Re = 10s.

0.035 < f < 0.071
2.95 < A < 3.3

Fig. 6b Three-dimensional plot of cp against A and / for the case
Re = 5 x 10s.

present approach and Ref. 9 agree more closely with exper-
iment than the results of Ref. 5 theory. At Re = 105, the
present theory gives as good agreement with the measure-
ments as the other approaches, but at the highest value of
the Reynolds number, our theory overestimates the pressure
coefficient at the resonant frequency. Apart from the im-
mediate neighborhood of the resonant frequency, the differ-
ent theoretical approaches at the two highest values of Re are
in excellent agreement. The difference between the predicted

resonant response and the experimental data could presum-
ably be eliminated by proceeding with the present calculation
to the next order.

In Figs. 4, we show a similar comparison at A = 1.0509;
again we see that the differences in the two approaches are
small except for a small interval near the resonant frequency.
In Fig. 5, we show the variation of the resonant frequency
with Reynolds number for A = 3.1481.

In Figs. 6, we show three-dimensional plots of the pressure
coefficient at three different Reynolds numbers over a portion
of the aspect ratio frequency plane. Constant intervals in /
and A are used in these plots. The localized peaks correspond
to resonant responses caused by the excitation of one of the
Stewartson modes. Such plots are useful in picking out por-
tions of parameter space with certain properties; more de-
tailed plots or variations can be obtained from the program
written to calculate cp. Two points about the approach that
we have developed here are in order.

1) The composite expansion is relevant whenever any one
of the Stewartson eigenvalues occurs; the eigenvalue whose
eigenfunction is rescaled by a factor \^Re is taken to be that
eigenvalue.

2) The computational time for the present approach is triv-
ial in comparison to that required for the different aproaches
mentioned earlier. For example, all of the calculations used to
supply the data for the three-dimensional plots (with 2500
nodes) were carried out in about 1 h on an Olivetti M24 PC.
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